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Abstract 

Congestion games constitute an important class of games in which computing an exact or even 
approximate pure Nash equiUbrium is in general PLS-complete. We present a surprisingly simple 
polynomial-time algorithm that computes 0(l)-approximate Nash equilibria in these games. In par- 
ticular, for congestion games with linear latency functions, our algorithm computes (2 + e)-approximate 
pure Nash equilibria in time polynomial in the number of players, the number of resources and 1/e. It 
also applies to games with polynomial latency functions with constant maximum degree d; there, the 
approximation guarantee is dP^'''\ The algorithm essentially identifies a polynomially long sequence of 
best-response moves that lead to an approximate equilibrium; the existence of such short sequences 
is interesting in itself. These are the first positive algorithmic results for approximate equilibria in 
non-symmetric congestion games. We strengthen them further by proving that, for congestion games 
that deviate from our mild assumptions, computing p-approximate equilibria is PLS-complete for any 
polynomial-time computable p. 
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1 Introduction 



Among other solution concepts, the notion of the pure Nash equilibrium plays a central role in Game Theory. 
It characterizes situations with non-cooperative deterministic players in which no player has any incentive to 
unilaterally deviate from the current situation in order to achieve a higher payoff. Questions related to their 
existence and efficient computation have been extensively addressed in the context of congestion games. 
In these games, pure Nash equilibria are guaranteed to exist thi^ough potential function arguments: any 
pure Nash equilibrium corresponds to a local minimum of a potential function. Unfortunately, this proof 
of existence is inefficient and computing a local minimum for this function is a computationally-hard task. 
This statement has been made formal in the work of Fabrikant et al. [14] where it is proved that the problem 
of computing a pure Nash equilibrium is PLS-complete. 

Such negative complexity results significantly question the importance of pure Nash equilibria as solu- 
tion concepts that characterize the behavior of rational players. Approximate pure Nash equilibria, which 
characterize situations where no player can significantly improve her payoff by unilaterally deviating from 
her current strategy, could serve as alternative solution concepts^ provided that they can be computed ef- 
ficiently. In this paper, we study the complexity of computation of approximate pure Nash equilibria in 
congestion games and prove the first positive algorithmic results for important (and quite general) classes of 
congestion games. Our main result is a polynomial-time algorithm that computes 0(l)-approximate pure 
Nash equilibria in congestion games under mild restrictions. 

Problem statement and related work. Congestion games were introduced by Rosenthal [20]. In a conges- 
tion game, players compete over a set of resources. Each resource incurs a latency to all players that use it; 
this latency depends on the number of players that use the resource according to a resource-specific, non- 
negative, and non-decreasing latency function. Among a given set of strategies (over sets of resources), each 
player aims to select one selfishly, trying to minimize her individual total cost, i.e., the sum of the latencies 
on the resources in her strategy. Typical examples include network congestion games where the network 
links correspond to the resources and each player has alternative paths that connect two nodes as strategies. 
Congestions games in which players have the same set of available strategies are called symmetric. 

Rosenthal [20] proved that congestion games admit a potential function with the following remarkable 
property: the difference in the potential value between two states (i.e., two snapshots of strategies) that 
differ in the strategy of a single player equals to the difference of the cost experienced by this player in 
these two states. This immediately implies the existence of a pure Nash equilibrium. Any sequence of 
improvement moves by the players strictly decreases the value of the potential and a state coixesponding to 
a local minimum of the potential will eventually be reached; this corresponds to a pure Nash equilibrium. 
Monderer and Shapley [18] proved that any game that admits such a cost-revealing (or exact) potential 
function is isomorphic to a congestion game. 

The existence of a potential function allows us to view the problem of computing a pure Nash equilib- 
rium as a local search problem [13], i.e., as the problem of computing a local minimum of the potential 
function. Fabrikant et al. [14] proved that the problem is PLS-complete (informally, as hard as it could be 
given that there is an associated potential function). This negative result applies to symmetric congestion 
games as well as to non-symmetric network congestion games. Ackemiann et al. [1] studied the impact 
of combinatorial structure of congestion games to complexity and extended such negative results to games 
with hnear latency functions. One consequence of PLS -completeness results is that almost all the states of 
the game are such that any sequence of players' improvement moves that originates from these states must 
be exponentially long (in terms of the number of players) in order to reach a pure Nash equilibrium. Effi- 
cient algorithms are known only for special cases. For example, in symmetric network congestion games, 

'Actually, approximate pure Nash equilibria may be more desirable as solution concepts in practical decision making settings 
since they can accommodate small modeling inaccuracies due to uncertainty (e.g., see the arguments in [9]). 
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Fabrikant et al. [14] show that the Rosenthal's potential function can be (globally) minimized efficiently by 
a flow computation. 

The above negative results have led to the study of the complexity of approximate Nash equilibria. A 
yO-approximate pure Nash equilibrium is a state, from which no player has an incentive to deviate so that 
she decreases her cost by a factor larger than p. Skopalik and Vocking [22] show that, in general, the 
problem is still PLS-complete for any polynomially computable p. Efficient algorithms are known only for 
special cases. For symmetric congestion games, Chien and Sinclair [8] prove that the (1 + e) -improvement 
dynamics converges to a (1 + e)-approximate Nash equilibrium after a polynomial number of steps; this 
result holds under additional mild assumptions on the latency functions (a "bounded jump" property) and the 
participation of the players in the dynamics. Skopalik and Vocking [22] prove that this approach cannot be 
generalized. They present non-symmetric congestion games with latency functions satisfying the bounded- 
jump property, so that every sequence of approximate improvement moves from a given initial state to 
an approximate equilibrium is exponentially long. Daskalakis and Papadimitriou [12] present algorithms 
for the broader class of anonymous games assuming that the number of players' strategies is constant; for 
congestion games, this assumption is very restrictive. Efficient algorithms for approximate equilibria have 
been recently obtained for other classes of games such as constraint satisfaction [4, 19], network formation 
[2], and facility location games [5]. 

In light of these negative results, several authors have considered other properties of the dynamics of 
congestion games. The papers [3, 15] consider the question of whether efficient states (in the sense that 
the total cost of the players, or social cost, is small compared to the optimum one) can be reached by 
best-response moves. Recall that such states ai^e not necessary approximate Nash equilibria. Fanelli et al. 
[15] proved that congestion games with linear latency functions converge to states that approximate the 
optimal social cost within a constant factor after an almost linear (in the number of players) number of 
best response moves under mild assumptions on the participation of each player in the dynamics. Negative 
results in [3] indicate that these assumptions are necessary in order to obtain convergence in subexponential 
time. However, Awerbuch et al. [3] show that using almost unrestricted sequences of (1 + e)-improvement 
best-response moves in congestion games with polynomial latency functions, the players rapidly converge 
to efficient states. Similar approaches have been followed in the context of other games as well, such as 
multicast [6, 7], cut [11], and valid-utility games [17]. 

A notion that is historically related to congestion games (but rather loosely connected to our work) is that 
of the price of anarchy, introduced by Koutsoupias and Papadimitriou [16]. The price of anarchy captures 
the impact of selfishness on efficiency and is defined as the worst-case ratio of the social cost in any pure 
Nash equilibrium and the social optimum (see [21] and the references therein for tight bounds on congestion 
games). Christodoulou et al. [10] extended the notion of the price of anarchy to approximate equilibria and 
provided tight bounds for congestion games with polynomial latency functions. 

Our contribution. We present the first polynomial-time algorithm that computes 0(l)-approximate pure 
Nash equilibria in non-symmetric congestion games with polynomial latency functions of constant maxi- 
mum degree. In particular, our algorithm computes (2 + e)-approximate pure Nash equilibria in congestion 
games with Unear latency functions, and dP'^'^^ approximate equilibria for polynomial latency functions of 
maximum degree d. The algorithm is surprisingly simple. Essentially, starting from a specific initial state, 
it computes a sequence of best-response player moves of length that is bounded by a polynomial in the 
number of players and 1/e. To the best of our knowledge, the existence of such short sequences was not 
known before and is interesting in itself. The sequence consists of phases so that the players that participate 
in each phase experience costs that are polynomially related. This is crucial in order to obtain convergence 
in polynomial time. Another interesting part of our algorithm is that, within each phase, it coordinates the 
best response moves according to two different (but simple) criteria; this is the main tool that guarantees that 
the effect of a phase to previous ones is negligible and, eventually, an approximate equilibrium is reached. 
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The parameters used by the algorithm and its approximation guarantee have a nice relation to properties of 
Rosenthal's potential function. Our bounds are marginally higher than the worst-case ratio of the potential 
value at an almost exact pure Nash equilibrium over the globally optimum potential value. 

We remai^k that, following the classical definition of polynomial latency functions in the literature, we 
assume that they have non-negative coefficients. We show that this is a necessary limitation. In particular, 
by significantly extending the reduction of [22], we prove that the problem of computing a p-approximate 
equilibrium in congestion games with linear latency functions with negative offsets is PLS-complete. This 
negative statement also applies to games with polynomial latency functions with non-negative coefficients 
and maximum degree that is polynomial in the number of players. 

Roadmap. We begin with definitions and preliminary results and observations in Section 2. The description 
of the algorithm then appears in Section 3. The analysis of the algorithm is presented in Section 4. We 
conclude with a discussion that includes the statement of our PLS-completeness result and open problems 
in Section 5. Due to lack of space, many proofs have been put in appendix. 

2 Definitions and preliminaries 

A congestion game Q is represented by the tuple (iV, {Tiu)ueN, {fe)eeE)- There is a set of n players 
A^ = {l,2,...,n} and a set of resources E. Each player u has a set of available strategies I^u', each strategy 
Su in consists of a non-empty set of resources, i.e., Su Q 2^. A snapshot of strategies, with one strategy 
per player, is called a state and is represented by a vector of players' strategies, e.g., S = (si, S2i Sn)- 
Each resource e ^ E has a latency function /g : N i— )• M which denotes the latency incuiTcd to the players 
using resource e; this latency depends on the number of players whose strategies include the particular 
resource. For a state S, let us define rig (5) to be the number of players that use resource e in S, i.e., 
ne{S) = \{u £ N : e G Su}\- Then, the latency incurred by resource e to the players that use it is 
fe{ne{S)). The cost of a player u at a state S is the total latency she experiences at the resources in her 
strategy Su, i.e., Cu{S) = J2eesu fe(.^e{S)). We mainly consider congestion games in which the resources 
have polynomial latency functions with non-negative coefficients. More precisely, the latency function of 
resource e is fe{x) = Ylk=o ^e,kx^ with ae,k > 0. The special case of linear latency functions (i.e., d = \) 
is of particular interest. Obsei^ve that for polynomials with non-negative coefficients and maximum degree 
d, we have fe{x + 1) < 2'^fe{x) and fe{x) < n'^fe{l) for every positive integer x. 

Players act selfishly; each of them aims to select a strategy that minimizes her cost, given the strategies 
of the other players. Given a state S = (si, S2, Sn) and a strategy for player u, we denote by {S^u, s'^) 
the state obtained from S when player u deviates to strategy s'^. For a strategy S, an improvement move 
(or, simply, a move) for player u is the deviation to any strategy s'^ that (strictly) decreases her cost, i.e., 

Cu{S-u, s(i) < Cu{S). For q > 1, such a move is called a q-move if it satisfies Cu{S-u, s^^) < ^"^"^^ . A 
best-response move is a move that minimizes the cost of the player (of course, given the strategies of the 
other players). So, from state S, a move of player u to strategy s„ is a best-response move (and is denoted 
by BTZu{S)) when c„(5_u, s'^) = mirisgs^ c„(5_„, s). With some abuse in notation, we use S7^„(0) to 
denote the best-response of player u assuming that no other player participates in the game. 

A state S is called a pure Nash equilibrium (or, simply, an equilibrium) when Cu{S) < Cu{S-u, s'^) for 
every player u £ N and every strategy s'^ € S^. In this case, we say that no player has (any incentive to 
make) a move. Similarly, a state is called a q-approximate pure Nash equilibrium (henceforth called, simply, 
a q-approximate equilibrium) when no player has a g-move. 

Congestion games are potential games. They admit a potential function $ : S„ ^ M, defined 
over all states of the game, with the following property: for any two state S and (5'_„,s^) that differ 
only in the strategy of player u, it holds that $(S'_„, s'^) — ^{S) = Cu{S-u, s'^) — Cu{S). Cleaiiy, local 
minima of the potential function corresponds to states that are pure Nash equilibria. The function = 
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J2eeEYl^=i feU) (fil'st used by Rosenthal [20]) is such a potential function. A nice property of this 
particular potential function is that the potential value at a state lies between the sum of latencies incurred 
by the resources and the total cost of the players. 

Claim 2.1 For any state Sofa congestion game with a set of players N, a set of resource E, and latency 
functions {fe)e£E> it holds that 

Y,fe{ne{S))<^S)<Y,Cu{S). 

In the rest of the paper, the term potential function is used specifically for Rosenthal's potential function. 

We now present a simple observation which will be used extensively in the analysis of our algorithm. 
Consider a sequence of moves in which only players from a subset F of N participate while players in A^\F 
are frozen to their sti"ategies throughout the whole sequence. We will think of this sequence as a sequence of 
moves in a subgame played among the players of F on the resources of E. In this subgame, each player in 
F has the same set of strategies as in the original game; players of \ F do not participate in the subgame, 
although they contribute to the latency of the resources at which they have been frozen. Thus, the modified 
latency function of resource e is then (x) = fe{x + tf,), where stands for the number of players of 
N\F on resource e. Then, it is not hard to see that the subgame is a congestion game as well. Clearly, if /g 
is a linear (respectively, polynomial of maximum degree d) function with non-negative coefficients, so is 
and the bound established in Lemma 2.3 (respectively. Lemma 2.4, see below) also holds for the subgame. 
From the perspective of a player in F, nothing changes. At any state S, such a player experiences the same 
cost in both games and therefore has the same incentive to move, regai^dless whether we view as a state of 
the original game or the subgame. However, one should be careful with the definition of the potential for the 
subgame (denoted by ^p) and use the modified latency functions instead of /g. Throughout the paper, 
for a subset of players F C N, we use the notation n^{S) to denote the number of players in F that use 
resource e at state S. 

Claim 2.2 Let S be a state of the congestion game with a set of players N and let F Q N. Then, ^{S) < 
<^f{S) + ^n\f{S) and $(5) > $f(5)- 

The approximation guarantee of our algorithm for congestion games of a particular class (e.g., with 
linear latency functions) is strongly related to the worst-case ratio (among all congestion games in the class) 
between the potential of an approximate equilibrium (the factor of approximation may be picked to be close 
to 1) and the minimum potential value. Below, we present upper bounds on this quantity; these upper bounds 
are used as parameters by our algorithm. The next lemma deals with the case of linear latency functions. 

Lemma 2.3 Consider a congestion game with linear latency functions. Let q € [1,2) and let S be a 
q-approximate equilibrium. Then, ^{S) < -^z^^iS*), where S* is a state of the game with minimum 
potential. 

Our next (rather rough) bound applies to polynomial latency functions of maximum degree d. It is 
obtained by observing that the desired ratio is at most {d + 1) times the known upper bound of d'^^'^^ for the 
price of anarchy of 2-approximate equilibria [10]. 

Lemma 2.4 Consider a congestion game with polynomial latency functions of maximum degree d, where 
d > 2. Let q € [1, 2] and let S be a q-approximate equilibrium. Then, <I>(5)/<I>(5*) € d^^'^\ where S* is a 
state of the game with the minimum potential. 
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3 The algorithm 



In this section we describe our algorithm. It takes as input a congestion game Q with n players and poly- 
nomial latency functions of maximum degree d and produces a state of G- The algorithm uses a constant 
parameter tf; > and two more parameters q and p. Denote by 9d{q) the upper bound on the worst-case ratio 
(among all possible congestion games with polynomial latency functions of degree d) between the potential 
of any g-approximate equilibrium and the minimum potential value that are provided by Lemmas 2.3 and 
2.4, i.e., Oi{q) = and Odiq) = d^^"^^ for d > 2. We set the parameter q to be slightly larger than 1 (in 

particular, q = l+n~^) and parameter p to be slightly larger than 9d{q) (in particular, p = (^gj^^ — f^^^ )■ 

The algorithm considers the optimistic cost £u of each player u, given by £u = mins^gs„ J2eesu 
this is the minimum cost that u could experience assuming that no other player participates in the game. Let 
^max denote the maximum optimistic cost among all players. The algorithm partitions the players into blocks 
Bi, B2, . . . , Bm; block Bi contains player u if and only if 1^ G {bi+i, bi], where 6j = lumx ' 
It initializes each player u to choose strategy BTlu{0). Then, the algorithm coordinates best-response moves 
by the players as follows. By considering i in the increasing order (from 1 to m — 1), it executes phase i 
provided that block Bi is non-empty. When at phase i, the algorithm lets players in Bi make best-response 
p-moves and players in make best-response q-moves while this is possible. The algorithm is depicted 
in the following table. 



input : A congestion game G = {N, E, (i;j)jgjvi {fe)eeE) with n players and polynomial 

latency functions of maximum degree d 
output: A state of G 

1 Set g = 1 + n-'f' and p = (^-^^ - n''^^ ; 

2 foreach u e N do set = Cu {I3TZu{0)); 

3 Set ^min = min„gAr iu, ^max = max^gA? iu, and set 

m = 1 + [log2d+i„2^+d+i (^max/-^min)l; 

4 (Implicitly) partition players into blocks Bi, B2, ■ ■ ■ , Bm, such that 

ueB.^e^e (Cax {2'^+^n^^+'i+^) " , Cax (2'i+in2^+'^+i) ; 

5 foreach u € iV do set n to play the strategy Su ^ BTlu{0); 

6 for phase i ^ 1 to m — 1 such that Bi ^ $ do 

7 while there exists a player u that either belongs to Bi and has a p-move or belongs to 
Bi^i and has a q-move do 

8 I u deviates to the best-response strategy s„ BTlu{si, . . . , s„). 

9 end 
10 end 

Algorithm 1: Computing approximate equilibria in congestion games. 

We remark that step 2 partitions the players into at most n non-empty blocks. Then, the for-loop at lines 
6-10 enumerates only phases i such that Bi is non-empty, i.e., it considers at most n phases. 

We conclude this section with two remarks that will be treated formally in the next section. First, the 
selection of the boundaries of each block to be polynomially -related is crucial in order to bound the number 
of steps. Second, but more importantly, we notice that each player in block Bi does not move after phase 
i. At the end of this phase, the algorithm guarantees that none of these players has a p-move to make. The 
most challenging part of the analysis will be to show that the players do not have any p{l + 4n~'^)-move to 
make after any subsequent phase. In this respect, the definition of the phases, the selection of parameter p 
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and its relation to Od{q) play the cmcial role. 



4 Analysis of the algorithm 

This section is devoted to proving our main result. 

Theorem 4.1 For every constant > 0, the algorithm computes a p^-approximate equilibrium for every 
congestion game with polynomial latency functions of constant maximum degree d and n players, where 
pi = 2 + 0{n~''^) and pd € d^^'^\ Moreover, the number of player moves is at most polynomial in n. 

Proof. We denote by the state computed at step 5 of the algorithm (player u plays strategy BTlu{0)) 
and by the state after the execution of phase i for i > 1. Within each phase i, we denote by Ri the set 
of players that make at least one move during the phase. Recall that the players of block are those with 
optimistic cost £u G (ftj+i, &«] and that bi = 2'^+^?i2'^+'^+^fej_|.i, for i = 1, ?7t,. 

The proof of the theorem follows by a series of lemmas. The most crucial one is Lemma 4.3 where 
we show that the potential ^/j. (5*"^) of the subgame among the players in Ri at the beginning of phase 
i > 2 is significantly smaller than 6j. In general, players that move during phase i experience cost that 
is polynomially related to bi and each of them decreases her cost (and, consequently, the potential) by a 
quantity that is also polynomially related to bi. This argument is used in Lemma 4.4 (together with Lemma 
4.3) in order to show that the number of steps of the algorithm is polynomial in n. More importantly. Lemma 
4.3 is used in the proof of Lemma 4.5 in order to show that players in block Bi are not affected significantly 
after phase i (notice that players in Bi do not move after phase i). Using this lemma, we conclude in Lemma 
4.6 that the players ai^e in ap(l + 4n~''') -approximate equilibrium after the execution of the algorithm. The 
statement of the theorem then follows by taking into account the parameters of the algorithm. 

Let us warm up with the following lemma (to be used in the proof of Lemma 4.3) that relates the potential 
with the latency the players in Ri experience when they make their last move within phase i. 

Lemma 4.2 Let c{u) denote the cost of player u G Rijust after making her last move within phase i. Then, 

ueRi 

We now present the key lemma of our proof. 
Lemma 4.3 For every phase i >2, it holds that <I> fj^ {S^~^) < 

Proof. Assume the contrary, that <I>/j. > 2if-4;- We will show that state S^~^ would not be a q- 
approximate equilibrium for the players in Ri n Bi, which contradicts the definition of phase i — 1 of the 
algorithm. 

First observe that a player u in -Bj+i is assigned to the strategy BTZu{0) in the beginning of the algorithm 
and does not move during the first i — 1 phases. Hence, by the definition of the latency functions, she does 
not experience a cost more than n'^bi+i at state S**^^. Hence, the potential ^RiCiBi+i ('S'*"^), which is upper- 
bounded by the total cost of players in Ri n -Bj+i, satisfies 

^R.nB.+AS'-')<n''+%+i. (1) 
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We now use the fact ^r^{S'-^) < <^R,nB,{S'-^) + ^R.nB,+i{S'-^) (see Claim 2.2), inequality (1), 



and the assumption $^-(5'* ^) > obtain 



^r^hbAS'-') > '^R.{S'-')-^R,nB,+AS' 



> n'^+^+i^.+i. (2) 

Further, we consider the dynamics of the subgame among the players in Ri at phase i. For each player u 
in Ri, we denote by c{u) the cost player u experiences just after she makes her last move in phase i. Observe 
that every player u in Bi n Ri decreases the potential of the subgame among the players of Ri by at least 
{p — l)c(ti) when she performs her last p-move. Hence, 

(p-i) < '^R.is'-')-'^RAS') 

ueRiCiBi 

< ^R^nB^S'-') + <^R,nB,+,{S'-') - <^rAS') 

< (^l + ±-^q>j,^r^B,{S^^')-^R,{S'). (3) 

The last three inequalities follow by Claim 2.2 and inequalities (1) and (2), respectively. 

Furthermore, since each player u in Ri Ci plays a best-response during phase i, her cost after her 
last move will be at most the cost she would experience by deviating to strategy I3Tlu{0), which is at most 
n%i^i. Then, the total cost of the players of Ri n is at most n'^+^fti+i. Now, using Lemma 4.2, the 
last observation, inequalities (3) and (2), we obtain 

^rAS') < 

u£Ri 



ueRinBi+i ueRiHBi 



which implies that 



^rAS') < [l + ^]'^R.nBAS'-'). (4) 



Now, let S* be the state in which the players in Ri n Bi play their strategies in and the players in 
Ri n -Bj+i (as well as every other player) play their strategies in 5*"^. Consider the deviation of each player 
u in RiCi Bi^i from her strategy in to her strategy BTlu{0) in S*. Recall that the cost each player u in 
Ri n experiences when playing strategy BTlu{0) is at most n'^bi^i which means that the increase her 
deviation incurs to the potential of the subgame among the players in Ri is at most n'^bi^i. Hence, 

< <^nAS')+n''+%+i. (5) 
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Now, using the fact that ^R^^BiiS*) < ^r.{S*), together with inequahties (5), (4), and (2), we have 



< 



The last inequality implies that the global minimum of the potential value of the subgame among the 
players of Ri n Bi (when all other players are frozen to their strategies in S^~^) is strictly smaller than 
■Qjf^^R,nBi{S^~^)- Due to the definition of 9d{q) and Lemmas 2.3 and 2.4, this contradicts the fact that 
S^~^ is a g-approximate equilibrium for the players in RiH Bi. □ 

We are ready to bound the number of best-response moves. As a matter of fact, our upper bound is 
dominated by the number of best-response moves in the very first phase of the algorithm. We remark that a 
weaker result could be obtained without resorting to Lemma 4.3. 

Lemma 4.4 The algorithm terminates after at most O ^725V'+3<i+3~j best-response moves. 

Proof. We will upper-bound the total number of moves during the execution of the algorithm. After the 
first n best-response moves in line 5, the number of phases executed by the algorithm is at most n. At the 
beginning of the first phase, the latency of any player in Ri is at most n'^bi (due to the definition of block 
Bi and of the latency functions). Hence, < J2ueRi ^^{3^) < n'^^^bi. The minimum latency 

experienced by any player in Ri is at least 63, so each move in this step decreases the potential by at 
least {q - 1)63. So the total number of moves is at most ^z^^ = 22^^+2 ji^V'+s^+s 

At the beginning of any other phase i > 2, we have that <I>i?. (S*"^) < (by Lemma 4.3). The 
minimum latency experienced by any player in Ri is at least 6j-|_2, so each move in this step decreases the 
potential by at least {q — l)6j+2. So the total number of moves is at most 2'in^{q-i)b3 ~ . 

In total, we have O ^^j^V'+sd+s^ best-response moves. □ 

The proof of the following lemma strongly relies on Lemma 4.3. Intuitively, Lemma 4.3 implies that 
the cost experienced by any player of Ri while moving during phase i is considerably lower than the cost of 
players in blocks Bi, . . . , -Bj_i (who are not supposed to move anymore). The latter means that, for every 
player u in Bi, . . . , after phase i, neither the cost of u may increase considerably, nor the cost that u 
could experience by a possible deviation may decrease considerably. 

Lemma 4.5 Let ube a player in the block Bt, where t < m — 2. Let be a strategy different from the one 
assigned to u by the algorithm at the end of phase t. Then, for each phase i > t, it holds that 

k=t+l 

Proof. We will prove the lemma using induction on i. For i = t, the claim follows by the definition of 
phase i of the algorithm. Assume that the claim is true for a phase i with t < i < m — 2. In the following, 
we show that the claim is true for the phase i + 1 as well. 
First, we show that if 

Cn(S*+i) < cUS*) + ^ (6) 
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and 



Cu{S'Lu,Su) < Cu{S^^,S^)+ (7) 



then the claim holds. By the hypothesis of induction, we have 



k=t+l 



Combining the above three inequalities, we obtain that 



k=t+l 
k=t+l 

as desired. 

In order to complete the proof of the inductive step we are left to prove (6) and (7). We do so by proving 
that if one of these two inequalities does not hold, this would violate the statement of Lemma 4.3. 

Assume that (6) does not hold, i.e., Cu{S'+^) > c„(5*) + ^ for some player u of block Bt, where 
t < i. We will show that the potential (S''"'"^) at state 5"*"^^ of the subgame among the players in R-i+i 
is larger than Since the potential decreases during phase i + 1, $ijj+i(5'*) should also be larger than 

contradicting Lemma 4.3. Indeed, since player u does not move during phase i + 1, the increase in 
her cost from state S" to state 5*+^ implies the existence of a set of resources C C s„ in her strategy with 
the following properties: each resource e G C is also used by at least one player of Ri+i in state 5*+^ and, 
furthermore, ^eec /e(ne(S*+^)) > By Claim 2.1, we obtain that ^r,^,{S'+^) > 

Similarly, assume that (7) does not hold for a player u of block Bt and a strategy s'^ that is different 
from Su, the strategy assigned to u in phase t, i.e., c„(5!.„, s'^) > c„(5!_"^^, s'^) + -j^. Recall that player 
u does not move during phase i + 1. This implies that there exists a set of resources C C with the 
following properties: each resource e G C is used by at least one player of Ri+i in state 5* and, furthermore, 
X^eeC /e('^e('S'!-u, sO) ^ ^^T" Hcncc, by Claim 2.1 and the definition of the latency functions, we have 
'^B+iiS') > EeGcfeiMS')) > Eeec fe{ne{Si^, s'J) > Again, this contradicts Lemma 4.3. 

Hence, (6) and (7) hold and the proof of the inductive step is complete. □ 

The next lemma follows easily by Lemma 4.5, the definition of 6j's, and the definition of the last phase 
of the algorithm. 

Lemma 4.6 The state computed by the algorithm is ap{\ + ^^-approximate equilibrium. 

Proof. We have to show that in the state S'""^, computed by the algorithm after the last phase, no player 
has an incentive to deviate to another strategy in order to decrease her cost by a factor of p (l + The 
claim is certainly true for the players in the blocks i?m-i and Bm by the definition of the last phase of the 
algorithm. Let u be a player in block Bt with t < m — 2 and let be any strategy different from the one 
assigned to u by the algorithm after phase t. We apply Lemma 4.5 to player u. By the definition of 5i's, we 
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have Yll^=t+i < 26^+1. Also, Cu{S'^^ ^, s'^) > bt+i, since u belongs to block Bt. Hence, Lemma 4.5 
implies that 



4 



n't 

^m—l I 



< p^i+_jc„(5™r,<), 

as desired. The last inequality follows since p > I. □ 

By the definition of the parameters q and p in our algorithm, we obtain that the state computed is a 
yOrf-approximate equilibrium with 

where 9i{q) = ^7^, Od{Q) £ d^^'^'> and q = 1 + n~'^ . By making simple calculations, we obtain that 
pi < 2 + 0{n~'f') and pd G (P^'^\ This completes the proof of Theorem 4.1. □ 



5 Discussion and open problems 

We remark that the number of best response moves computed by our algorithm depends neither on the 
number of the resources nor on the number of strategies per player. In fact, our algorithm delegates to the 
players the computation of their best-response move; the overall running time then depends also on the time 
required by the players to compute a best-response move from any state of the game and (pseudo-)state 0. 
Of course, the players are expected to be able to do this computation efficiently. 

The guarantee of our algorithm depends strongly on the fact that the latency functions have non-negative 
coefficients. Is this a severe limitation? We answer this question negatively in the next theorem where we 
prove that the problem of computing approximate equilibria is PLS-complete for congestion games with 
lineal- latency functions that have negative offsets (but incuixing non-negative latency to any player using the 
corresponding resource). 

Theorem 5.1 Finding an p-approximate equilibrium in a congestion game with linear laency functions with 
negative coefficients is PLS-complete, for every polynomial-time computable p > 1. 

The reduction yields a congestion game in which every resource is contained in strategies of at most two 
players. It can also be turned into a congestion game with polynomial latency functions that have degree 
polynomial in n (see Section B). 

Our work reveals several open problems. The most challenging one is whether the guarantee for ap- 
proximate equilibria that can be computed efficiently can be improved. For example, can we compute 
(1 + e) -approximate equilibria in congestion games with linear latency functions in polynomial time for 
every (polynomially small) e > 0? We believe that this is not the case and our algorithm is close to optimal 
in this sense. It would be very interesting to see how the best possible approximation guarantee relates to 
the worst-case ratio of the potential at an almost exact equilibrium over the minimum potential. Here, we 
point out that we have examples of congestion games for which the upper bound of 2, provided by Lemma 
2.3, is tight when q approaches 1. Extending this question to polynomial latencies is interesting as well. 
Note that a nice consequence of our work is that, besides being approximate equilibria, the states computed 
have low price of anarchy as well (e.g., at least 7.33 + 0(e) for linear latency functions according to the 
bounds in [10]). Providing improved guarantees for the social cost of approximate equilibria that can be 
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computed efficiently or related trade-offs is another interesting line of research. Finally, we strongly believe 
that our techniques could be applicable to other potential games as well. Typical examples include constraint 
satisfaction games such as the cut and parity games studied in [4] ; we plan to consider such games in future 
work. 
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A Proofs omitted from Sections 2 and 4 

Proof of Claim 2.1. The first inequality follows easily by the definition of function <I>. The second one 
can be obtained by the following derivation: 

ne(S) 

e&E j=l 

< ^n,iS) ■ fe[neiS)) 

□ 
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Proof of Claim 2.2. We use the definition of tlie potential function for the original game and the subgames, 
the definitions of the modified latency functions {x) = ff,{x+ne'^^{S)) and fe^^{x) = fe{x+n^{S)), 
and the equality ne(S') = n^{S) + n^^^(S') to obtain 



ne{S) 

eGE j=l 

nf{S) n,(5) 

= E E + E E f^(j) 

eGE 3=1 e&Ej=nP{S)+l 

< E E /e(j+-f\^(5)) + E E /^o-) 

ee£ i=l eG-E;j=nf (S)+l 

= E E /e^O-)+E E /e(j + -f(5)) 
e£E j=l eeE j=l 

nf{S) nf\^{S) 

= EE/e"o-) + E E /"^"(^•) 

eS-E j=l eGE j=l 

as desired for the first part of the claim. For the second part, we have 

ne(5) 

'^(s) = EE/'=(^') 

eGE j=l 

rieiS) 

> E E /eO-) 

= E E /e(j + -^^(^)) 

eeE i=i 

= E E feU) 

eeE j=l 



□ 



Proof of Lemma 2.3. In the proof, we will need the following technical claim. 
Claim A.l For every non-negative integers x, y, it holds true xy < — ^x + y"^. 

Proof. For x = 1, the claim clearly holds. Otherwise, observe that ^x"^ — > \x'^. Then < (| — y)^ = 

+ y"^ — xy < ij;^ — + y"^ — xy and claim follows. □ 
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For each player u we denote by s« and s* the strategies she uses at states S and S*, respectively. Using 
the (/-approximate equilibrium condition, that is Cu{S) < q ■ Cu{S-.u, s* ), we obtain 

^ (ae,i •ne(5) + ae,o) < g^(ae,i-ne(5 
for each player u G N. Summing over all players, we get that their total cost is 

^ ^ (ae,l ■ "'e(5') + ae,o) < ^ ^ ^ (Ce,! • ne(5'_„, S*) + Oe,o) 

u€N eesu ueN e£s* 

= qY,iae,i-ne{S*){ne{S) + l)+ae,o-ne{S*)) (8) 

eG-B 

In the following, we use the definitions of the potential and the latency functions, the fact that q > 1, 
inequality (8) ( ne{S) ■ ne{S*) < - Ine(S') + ne(5*)2) , and Claim A.l to obtain 



ne(S) 
eeE j=l 



= E ( ^"^'1 ■ "6(5*)^ + ^ae.i • ne{S) + ag.o • ne(S') ) 

ueN e£Su ^ ^ eS-B eeE 

< I E ( ""='1 ■ '^e{S*){ne{S) + 1) + ae,o ' '^6(5'*) j + I E "^'1 ■ ^ 2 ^ ' 

egE ^ ^ e6-B eG_E 

eeE ^ ^ 

+ 1 E "S'O ■ "els'*) + I E "^'0 ■ "''^('^^ 
eg_E eeE 

- I E (^"^'1 ■ "-e^*^)^ + • '^6(5') + ae,o ■ neiSU 

eeE ^ ^ 

/I 1 

+Q' E ( 9°^<^'l ■ "-el-S**)^ + -ae,l ■ ne{S*) + Qefl ' ne{S* 



eeE ^ 
UiS) + q^S*), 



and, equivalently, ^{S) < ^'^{S*). □ 



Proof of Lemma 2.4. Observe that ^{S) < ^ueN^u{S) (see Claim 2.1). We will also show that 
^{S*) > -^j^ YlueN (^u{S*). The desired bound then follows by the fact that the price of anarchy of 2- 
approximate equilibria is at most d'-^^'^\ Notice that the price of anarchy is at least X^^g^v '^u{S) / ^^^^ Cu{S*). 
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We will use the property f{x)dx < Yl^=i /(j)' that holds for every non-decreasing function / : 
[0, y] — > i? and integer y > I. We prove the desired inequality as follows. 

neiS") 

e£E j=l 
> V / feix)dx 



e&E ■ 



e£E-'^ fc=0 
e&Ek=0 

d 

*\fc+l 



eeSfc=0 
eeE 



□ 



Proof of Lemma 4.2. We denote by s„ the strategy of player u at state S^. We rank the players that 
use resource e in 5* according to the timing of their last moves (using consecutive integers 1, 2, ...)■ We 
denote by ranke(M) the number of players in Ri with the smaller ranking than u on resource e. Then, we get 
c{u) > X^essu f^'{^^^^e{u)), siucc any resource e in is occupied by at least ranke(ii) players from i?j 
at state 5*: u and the players with ranks 1, 2, ...,ranke(n) — 1 that made their last move before u. Hence, 
by the definition of the potential function (expressed using the modified latency functions for the subgame 
among the players of Ri), we have 

'^rSS') = E E /e'^'O-) 

eeE j=l 

= E E /i^'CrankeCn)) 

eGE udRi-.e&s^ 

= E E/<^'(™k^(")) 
< E^(^)' 

ueRi 

and the lemma follows. □ 
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B Proof of Theorem 5.1 



We prove the theorem by reworking the reduction in [22]. From now on, we refer to it as the original or old 
construction or proof. In the following, we outline our modifications in the original construction (in Section 
B. 1) and prove the correctness of the new one (in Section B.2). Finally, we give a detailed description of the 
new construction in Section B.3. 

Recall that the original proof is a reduction from the PLS-complete problem Flip which is the following: 

Deflnition B.l An instance of the problem Flip consists of a boolean circuit C with n inputs and m outputs. 
A feasible solution is a bit vector xi, . . . , x„ and the objective value is defined as c{x) = X^fLi yi^^~^ where 
y is the output produced by C with input x. The neighborhood N{x) of solution x is the set of bit vectors x' 
of length n that differs from x in one bit. The objective is to find a local minimum. 

The proof describes a transformation of C into a congestion game G{C) which has the property that every 
pure Nash equilibrium of G(C) corresponds to a local optimum of C. Furthermore, it is ensured that every 
equilibrium is also an a-approximate equilibrium for a > max{p, 2} by ensuring that every strategy change 
of a player decreases her latency by a factor of at least a. 

Our new construction has the additional property that every resource is part of at most two players' 
strategies. Therefore, it suffices to specify only the latency values for one and two players for each resource. 
For the sake of readability, we depict latency functions by the two values a/b, which correspond to /e(l) = a 
and /e(2) = b. This can obviously be turned into a linear function by setting fe{x) = {b — a)x + 2a — b. 

To simplify the presentation, there are many latency functions with /e(l) = 0. However, we can set 
/e(l) = 1 and scale all other latency values by a factor of \E\a. This modification does not change the 
players' preferences and, by choosing a > 2p, the theorem still holds. Thus, the latency functions can 
be described as polynomials with positive coefficients. However, their degree has to be polynomial in the 
number of players. 

A close look at the original reduction reveals that most of the resources are used by at most two players. 
The only resources for which this is not the case are the resources Bitlfc of the subgames G{S) and all Lock 
resources. Unfortunately, those resources are pait of the lockable circuits, the most important feature of 
this reduction. We will replace these resources and add new strategies and new players to the game. See 
Figures 2 to 6 for a complete description of the players' strategies, the resources, and latency functions. 

B.l The construction of G'(C) 

In the original construction, a gate player has two strategies which correspond to the two values of the 
output of that gate. Her best response is determined by the players that correspond to the inputs of this gate. 
This requires latency functions for the bit resources that are not linear, i.e., latency of for two players and 
latency of a"^^ for three players. We can avoid this, by the following changes: 

Instead of one strategy One, a gate player Gi now has two strategies OneA and OneB. If input a of her 
gate is 1, her best response is not to choose OneA. If input b of her gate is 1, her best response is not to choose 
OneB. As before, choosing Zero is only a best response if both inputs are 1. For gates that have gi as input, 
there is no difference between Gj choosing OneA or OneB and the semantics of NAND is preserved by this 
construction. The Lock resources that also required nonlineai^ latency functions in the original construction 
ai^e replaced by individual copies for each gate player. 

The Lock resources play a central role in the reduction. They ensure that a state is either expensive, 
i,.e., some player has latency of at least M, or the state is part of a sequence of states that simulates an 
improvement step in the FLiP-instance. We call such a sequence a superstep (see Figure 1). 

For each player that uses a Lock resource in the old game, we introduce copies in the new game that are 
only used by this player and a new Lock player. A Lock player allocates the new Lock resources of a gate 



17 



1. The controller switches from LockSo to Lock5^^. 

2. All players LockGfc of all circuits except Sjf^ move (in increasing order) to Unlock. 
By moving from her One-strategy to her strategy Change^ j^, player Yj 

• triggers player Xi to switch to One or Zero for 6 = 1 or 6 = 0, respectively, and 

• triggers the players Yi, . . . , Yj_i to switch to One. 

3. After all triggered actions ai^e done and all gates with input yj are unlocked, player Yj can change to 
her strategy Check^ f^, and thereby it triggers the Lock players to lock circuit So and the controller to 
move to LockS'o 

4. All Lock player of circuit Sq switch to one of their Lock strategies in decreasing order. 

5. The controller moves back to LockS'o. 

6. Player Yj changes to her Zero-strategy and all Lock players of all circuits move to their Lock 
strategies in decreasing order. 

Figure 1 : Description of a superstep beginning and ending in a base state. 

in such a way that she acts as a proxy between them. The main difference compared to the old construction 
is that the Controller cannot lock the circuit herself by allocating the Lock resources. Instead, the new 
LockGj players have to change to one of their Lock strategies. By doing so, they set the corresponding 
Lock resources free for the Controller, which in turn allows the Controller to move to the strategy that locks 
this circuit. Additionally, we ensure that there is no gridlock. That is, the newly added Lock players switch 
their strategies whenever needed. For this purpose, there are two kinds of resources that are part of the Lock 
players strategies. These resources are TriggerLockGj and TriggerUnlockGj. We add these resources to 
strategies of the controller and the Y players to ensure that a sequence of improvement steps conesponding 
to a superstep is possible. Furthermore, we allow a Lock player to lock a gate only if its input gates ai"e 
already locked. This guarantees that a gate can always change to its correct value. 

In the Controller's strategies, the original Lock resources are replaced by their copies as described above. 
Furthemiore, the strategy LockS'o contains the resources TriggerLockGfe for all gates of all circuits. This 
ensures that eventually a circuit is locked if changing bit Xi to b yields enough improvement to switch 
yj to 0. In contrast to the old construction, this requires the Controller to have higher latency since the 
TriggerLockGfc resources may cause latency of for every gate in the circuits Sj^^. We adjust the latency 
functions of the resources LockS'o and TriggerController by a factor of /3 to account for this. 

Finally, the Controller now has two reset strategies instead of one in the old construction. This is 
necessary in order to ensure that the Y players are actually reset to their One strategies before locking a 
circuit. 

In the strategies of the X and Y players, the Bit and Lock resources are replaced like in the gate players' 
strategies as described above. In addition to that, Y players' strategies (besides their One strategies) contain 
the additional resource ResetDonel^ that they share with the new Reset2 strategy of the Controller. Finally, 
the Check strategies contain the TriggerLockGfc resources of the Lock player of circuit S'o. 



18 



B.2 Proof of correctness 



We refrain from repeating the correctness proof of the original construction. Instead, we merely outline its 
arguments and point out the parts that have changed due to our modifications. The proof divides the set of 
states into several disjoint sets, Zq, . . . , Zq, and shows that all equilibria are contained in one of them, Zq. 
The states in Zq are called base states. These are all inexpensive states in which every Y player plays Zero 
or One and the Controller plays LockSo. It then suffices to show that a base state is not an approximate 
equilibrium (i.e., there is an improving move) if the bit vector x represented by the input player is not a local 
optimum of C. 

Lemma B.l ([22]) None of the states in Zi, . . . , Z4 is an equilibrium. 

The proof of the lemma considers the sets one after the other and shows that in each of them there is a player 
that has an improving move. In our modified construction, we need to show that none of the resources that 
we added or modified prevents such a move. 

In a state in Zi or Z2, Lock players of every circuit S"^, ^ with (/ , i' , h') ^ (j, i, 5) and of circuit 5*0 
play Unlock in equilibrium. This is due to the fact, that their TriggerLockGfc resources are not allocated by 
another player. This implies that none of the Lock resources of the players Yj, Yy (with / < j), and Xi 
is allocated by a Lock player. Therefore, Z\ and Z2 do not contain equilibria of the modified game. For a 
state in Z3, observe that player Yj allocates the resources TriggerLockG^ for every gate (7^ of circuit Sq. 
In equilibrium, all Lock players of this circuit are playing one of their Lock strategies, which allows for the 
Conti"oller to change to LockS'o. For a state in Z4 the arguments of the original proof suffice. 

Lemma B.2 ([22]) None of the states in Z5 or Z% is an equilibrium. 

Z^ contains the states in which a player has latency of or more. In this case there is always a sequence 
of improving moves that lead to a state in Zq. For a state in Z^, we distinguish between two cases depending 
on the strategy played by the Controller. If she is on Resetl, all Lock players have an incentive to play 
their Unlock strategies and all Y players to play their One strategies. However, this allows the Controller 
to change to Reset2 to decrease her latency. If the Controller plays Reset2 and has latency of less than M^, 
all Y players play their One strategy. Therefore, in an equilibrium, all Lock player of circuit Co play one of 
their Lock strategies. This, however allows the Controller to change to LockS'o. 

Lemma B.3 ([22]) Suppose s is a base state in equilibrium. Then, the bit vector x represented by the input 
players is a local optimum of C. 

In any base state in which x is not a local minimum of C, all Lock players of a circuit Si that has output 
1 play one of their Lock strategies in equilibrium. Therefore the controller can change to Locks'^ □ 

B.3 Detailed description of G'(C) 

Recall that (3 = o?^^^ with K being the total number of gates over all circuits and 7 = 2a/3. That is, 

a < /3 < 7 < M. 
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Resources 


Latencies 


L/OCKOo 


Locko 


/? 




BlockS'o 


0/M2 




For all gates gk of all circuits S^^: 




TriggerLockGfc 






For all gates gk of Sq: 




LockGatefc (Controller) of G{So) 


0/AP 


LockS'-' , 

1,0 


Trigger Controller 






Blocks/, 

1,0 


0/M2 




BlockFj 


0/Af2 




For all gates gk of Sf^^: 




LockGatefc (Controller) of G(5/ J 


0/M2 


Reset 1 


Reset 1 


2M 




For all j G {1, . . . , m}: 




Trigger Yj- 


0/50^7^ 




For all gates gk of all circuits: 




TriggerUnlockGjt 




Reset2 


Reset 2 


M 




For all J € {1, ... , m}: 




ResetDoneYj 


0/M^ 




For all gates gk of circuit Sq: 




TriggerLockGfc 





Figure 2: Definition of the strategies of the Controller 
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Strategies 


Resources 


Latencies 


OneA 


Bitlflfc 






Locklaj(Gj) 






If gate Qk has gi as input a: 




Bitlflfc 






Locklafc(Gj) 






If gate Qk has gi as input b: 




Bitl^fc 






Lockl6fc(Gj) 


O/A/3 


OneB 


Bitlfcfe 






Lockl6i(Gi) 


0/M3 




If gate Qk has gi as input a: 




Bitlofc 






LocklaA;(Gj) 






If gate Qk has gi as input b: 




Bitl&fc 






Lockl6fc(G,0 




Zero 


BitOoj 






BitOfti 






LockOaj(Gj) 






Lock06i(Gi) 


O/A/3 




If gate Qk has gi as input a: 




BitOafc of G{S) 






LockOafc(Gi) of G{S) 


0/Af3 




If gate Qk has gi as input b: 




BitO&fc 






Lock06fc(Gi) 





Figure 3: Definition of the strategies of the players Gj with 1 < i < k. 
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Strategies 


Resources 


Latencies 


One 


TriggerXi,o 


O/a/3 




BlockXj,! 






If gate Qk of circuit S has Xi as input a: 




Bitlcfc of G{S) 






Locklafc(X,) oiG{S) 






If gate gii- of circuit S has Xi as input b: 




Bitlfefc of G{S) 






Lockl&fc(Xi) of G(S') 




Zero 


Trigger Xj^i 


O/a/3 




BlockXj^o 






If gate Qj. of circuit S has Xi as input a: 




BitOflfc of G{S) 






LockOafc(X,)of 






If gate of circuit S has Xi as input b: 




BitOfefc of G{S) 






LockObkiXi) of G{S) 





Figure 4: Definition of the strategies of the players Xi with 1 < i < n. 
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Strategies 


Resources 


Latencies 


LockOOl 


Trigger UnlockGj 






LockOaj(Gj) 


0/M3 




Lock06,(Gi) 


0/M3 




If gate gi has Qk as input a: 




Locklaj(Gfc) incl. X and Y 


0/M^ 




LockGatefc(LockGj) witiiout X Y 


0/M 




If gate Qi has gi as input b: 




Locklbi{Gi) 


0/A'P 




LockGate; (LockGj ) 


0/M 


LocklOl 


Trigger UnlockGi 






LockOoi(Gj) 


O/M^ 




Lock06,(Gi) 


O/M^ 




If gate Qi has gk as input a: 




LockGatefc(LockGj) 


0/M 




LockOaj(Gfc) 


0/M3 




If gate gi has gi as input b: 




Locklbi{Gi) 


0/M^ 




LockGate; (LockGj ) 


0/M 


LockOl 1 


Trigger UnlockGi 






LockOai(Gj) 


O/M^ 




Lock06,(Gi) 


0/M3 




If gate gi has g^ as input a: 




Locklaj(Gfc) 


0/AP 




LockGatefc(LockGj) 


0/M 




If gate gi has gi as input b: 




LockOb,{Gi) 


0/M^ 




LockGatej (LockGj ) 


0/M 


LockllO 


Trigger UnlockGj 


a/a'^ 




Locklaj(Gi) 


O/M^ 




Lockl6,(Gi) 


0/M3 




If gate gi has g/^ as input a: 




LockOaj(Gfc) 


0/M^ 




LockGatefc(LockGj) 


0/M 




If gate gi has gi as input b: 




LockGate; (LockGi ) 


0/M^ 




LockObi{Gi) 


0/M 


Unlock 


LockGatCi (Controller) 


0/M^ 




TriggerLockGi 


O/a^ 




If gate gk has gi as input a: 




LockGate, (LockG^ ) 


0/M 



Figure 5: Definition of the strategies of the players LockGj with 1 < i < k. 
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Strategies 


Resources | Latencies 


One 


Onej 4a^7-' 


If gate gk of circuit t> has yj as input a: 


Bitlafc of 

Locklafc(y,) of G[S) 


0/Af3 


If gate gk of circuit ti has yj as input b: 


Bitl6fc of 

Locklbk{Yj) of G{S) 




Change^j, 
(for all 

i £ {l,...,n} 
and b £ {0, 1}) 


Change^ 

Block5o 

TriggerXi_6 

ResetDoneYj- 


0/M2 

0/aP 


For all 1 < j' < j: 


Trigger Y,/ 0/5a^j^' 


For all vectors {i' ,j' , h') except b) 
with i' G {1, . . . , n}, j' €{!,..., m} 
and h' G {0, l}; 


Block5j;,, 


0/M2 


If gate gk of circuit b has yj as input a: 


Bitlafc of G{S) 
Locklafc(y,) of G(S') 


0/M3 


1} gate gk of circuit ti has yj as input b: 


mibk of 

Lockl6fc(Y;,)of G(5) 




Check], 
(for all ' 
i £{!,..., n} 
and b £ {0, 1}) 


Checkj 
Trigger Y^- 
BlockXj^i_fe 
TriggerController 
ResetDoneYj 


0/M^ 


For all 1 < j' < j: 


Trigger DoneK,/ O/W 


For all vectors [i' , j' , b' ) except [i, j, b) 
with i' G {1, . . . , n}, j' €{!,..., m} 
and b' € |0, Ij; 


Block^^/f,, 




If gate gk of circuit b has yj as input a: 


LockOafc(yj) of G{S) 
BitOafc of G{S) 


0/M^ 


If gate gk of circuit t> has yj as input b: 


Bit06fc of 

Lock06fc(K/)of G(5) 




Wr all gates gk of circuit 6'o-" 


TriggerLockGfc 


0/a^ 


Zero 


Trigger Yj- 
TriggerDonel^- 
Blockyj 
ResetDoneY,- 


0/Af^ 
0/Af2 


If gate gk of circuit i' has yj as input a: 


LockOafc(yj) of G{S) 
BitOafc of G{S) 


0/Af^ 


If gate gk of circuit has yj as input b: 


Bit06fc of 

Lock06fc(Y;/)of G(5) 


O/A/3 



Figure 6: Definition of the strategi^of the players Yj with 1 < j < m. 



